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Abstract-The continuity of the weak solution of an elliptic equation with nonsmooth coefficients 
in terms of its integration domain is studied. In 2-D, the link between a capacity density condition and 
the connection of a set is made, and a Sverak-type continuity result for nonsmooth elliptic operators 
is deduced. 
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1. INTRODUCTION 
A natural question which arises in optimal design is the continuity of the solution of a partial 
differential equation in terms of its integration domain. In this paper we are concerned with the 
Dirichlet problem on an arbitrary open subset of a fixed ball. 
We recall the bidimensional result of Sverak (see [l]) who proved the continuity in the Hausdorff 
topology for the weak solution of the Dirichlet problem for the Laplace operator, if the number 
of connected components of the complementaries is uniformly bounded. The proof is based 
on classical potential theory results and makes use of the regularity of the Laplace operator. 
An N-dimensional compactness-continuity result was proved by Bucur and Zol&io [2,3] and 
generalized in [4], where the constraints were given in terms of capacity and the elliptic operator 
is nonsmooth and nonsymmetric. 
In this paper, we shall prove that the 2-D continuity result involving the number of connected 
components of the complementary sets can be deduced from [4] and extended to nonsmooth 
elliptic operators. Roughly speaking, connection derives from a capacity condition and maximum 
principle. 
To clarify this point, we shall define an equivalence relation in the space of open sets which 
preserves the Sobolev spaces. A maximal representative of a class is called capacity extended. 
We remark that the continuity for the Dirichlet problem does not hold if a sequence of open sets 
and the sequence of the corresponding class representatives have different behaviors. 
To fix the general frame of the problem, let us consider B c RN be a fixed open ball, which 
will be the hold-all for our moving domain. On the Sobolev space H;(B), we take the usual norm 
IMHo’(B) = (J, IVUI) li2. Let a matrix function A E hf,,, (L”(B)) and QId 5 A < p& be given 
where 0 < CE < ,0 are the coercivity and the continuity coefficients. We define the associated 
operator A : Hi(B) -+ H-l(B) by d = divA.V. 
The right-hand side f of the equation associated to this operator is a fixed distribution given 
on the whole ball, f E H-‘(B). F or an open subset of the ball, 0 c B, we consider the Dirichlet 
problem 
‘1L E Hi(fl), -dun = f (1) 
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in the weak sense, i.e., 
J (A.Vun> V4) dx = (f/n, 44~-l(qx~,‘(q Vd E V), (2) R 
fin denoting the restriction of the distribution f to the open set 0. 
Since Hi (R) = cl H;(B)(Z)(R)), equation (2) has a unique solution un E Ho(o), which one can 
extend with zero on B \ 0, to uh. Obviously U: E Hi(B) and I/zL~[[~;I(~) = IIzL~(I~;(~). From 
now on, when we consider the solution of (l), we will implicitly take its extension and hence we 
shall have un E Hi(B). 
In the family of open subsets of B, we define the Hausdorff complementary topology, de- 
noted HC, given by the metric 
The family of all open subsets of B is compact in the Hc-topology. Our problem is to study 
the continuity 
HC 
R,-R 
H,‘(B) 
=s un,-un. 
We recall from [2-41 the following results. 
PROPOSITION 1.1. There exists a constant CB,f, which depends only on B and f, such that 
VR C B we have IIu~IIH;(B) L cB,f. 
This proposition will allow us to use the weak compactness of the unity ball of the space Hi(B) 
and to subtract weak convergent sequences from any sequence of the type {uQ,},,=N. 
PROPOSITION 1.2. There exists a subsequence of {C22n}nE,r, which is still denoted {Stn}%,=~, such 
that un, H’LB’~ and -dup = fp in D’(n) x D(n). 
To obtain that uln = un we have to prove that for a quasicontinuous representative of u we 
have u = 0 q.s. on RC. For properties concerning the capacity, we refer to [5]. 
DEFINITION 1.1. For r < 1 we define the family of open sets which has a capacity density 
condition 
O,,(B) = 52 C B I VQ, 0 < r. <r, t/x E 8i-2, 
C p fl B(x, T), B(T 279) > c 
C (B(x, r), B(z, 279) ’ - 
The result of [4] which we shall use in the present paper can be resumed in the following 
theorem. 
THEOREM 1.1. Let -A be an elliptic operator in divergence form with measurable coefficients. 
Then, if {Rn}n~,v is a sequence in O,,,(B), which converges in the HC topology to an open R, 
H;(B) 
then un, - ua. 
In this paper, we shall prove that in two dimensions this capacity density condition can be 
linked to the number of connected components of the complementary sets. Intuitively, the answer 
is that in 2-D, a curve has a strictly positive capacity. In 3-D, a function of H1(IR3) does not 
“see” a curve which has zero capacity. This is the reason for which a continuity result based on 
connection is no longer valid in more than 2-D. 
In [l] the author proved that a continuity result with f = 1 implies the continuity result for 
any f E H-‘(B). This assertion is still true for nonsmooth elliptic operators [4], but in this 
case, to prove a continuity result for f = 1 is aa difficult as for any f E H-‘(B) since the 
solution UB on the whole ball is no longer smooth. Nevertheless, once the general continuity 
result of Theorem 1.1 is proved, for our present considerations it will be sufficient to consider 
only f = 1. 
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2. MAXIMUM PRINCIPLE AND CAPACITY EXTENSION 
For any open set R, we shall construct a new open set R’, which contains R, is geometrically 
different, but H&(n) = H,‘(G*). In this way, the behavior of the sequences {n,},,~ and {flE}nE~ 
to the P-topology are completely different, but the solutions ~0, and un:, coincide. Also 
by the capacity extension procedure we diminish the number of connected components of the 
complementary. 
From simple examples, one can see that the Hausdorff convergence does not have much in 
common with the Dirichlet problem, since modifying each open set of a convergent sequence 
up to a set of zero capacity the solutions of the Dirichlet problem do not differ, while the new 
sequence may have a completely different limiting set. So, it might be useful to construct by a 
“cleaning” procedure a new open set which will play a role of barometer for the convergence of 
the Dirichlet problem. This construction will be also helpful in the last paragraph for the 2-D 
continuity results. 
Let us introduce now the “cleaning” procedure of a set, by which one removes the “residual” 
parts of zero capacity. In such a way, from a given open set we obtain the maximal set, in the 
sense of inclusion, which gives the same associate Sobolev space. 
DEFINITION 2.1. If fl & B is an open subset of B, then the set 
fl* = {x E B 1 3, > 0, C (B(x,E,) II i-2”) = o} (4) 
is called the capacity extension of 0. 
For the correctness of the definition we have to prove that a* is open and it is maximal to the 
extension procedure. 
PROPOSITION 2.1. Forany G B, thesetR* isopen, contains52, C(fl*\fl) = 0, and (a*)* = fl*. 
PROOF. A simple remark gives R G a*. Let there be a sequence x, E (R*)C, such that xn --t x. 
Then VE > 0, we have C(B(x,, E) n 52”) > 0. For n large enough such that 11x - ~~11 < e/2 the 
monotony of the capacity gives C(~(X,E) n P) > C(B( xn, c/2) n W) > 0 which implies that 
x E (R*)C and hence R* is open. 
For x E n* arbitrary there exists E% > 0 such that C(??(X,E,) n R”) = 0. But a* \ s2 2 flc 
and using the monotony of the capacity we obtain C(B(z, E,) n R* \ R) = 0. Because RN ’ is a 
countable space, there exists a sequence {z,},EN such that fl* \ R G UiEN B(xi, E,,) and the 
continuity of the capacity on increasing sequences gives C((UIENB(xi,~Zi)) n (iI* \ R)) = 0 or 
C(fl* \ 0) = 0 and hence (R*)* = a*. 
Let z E (Q*)c such that C(~(X,E,) n (R*)c) = 0. The subadditivity of the capacity yields 
C(B(X,E~) n (R*)c) u (sZ* \ iI)) = 0 an so C(~(X,E,) n W) = 0. We get x E s1’ which is in d 
contradiction with x E (fl*)c. I 
We observe that essential for the Dirichlet problem is not fl but a*. If R, 5 R then the 
sequence (0;) may have a completely different behavior. For example, let xl,. . . , xk, . . . be the 
sequence of all rational points of the ball B, and let us denote R, = B \ {xl,. . . ,x,}. Then 
s1, -5 0, but Q;L = B and so n; 
HC 
-+ B. To establish the influence of these different behaviors 
to the shape continuity of the Dirichlet problem, we give the following proposition. 
PROPOSITION 2.2. 
(a) Let R,x$l and flzxfl+, such that Vn E N, R, C R,f, and C(fl+ \ R) = 0. If 
H,‘(B) H,‘(B) 
un+ - un+ then un,, - un. R 
(b) Let f = 1 and R, %RandREzn+. IfC(R+\R)>Othenun, 
H,‘(B) 
f, un. 
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PROOF. 
(a) Following [1,4], a continuity result for f = 1 implies a continuity result for any f E H-‘(B). 
So, let f = 1 and R,H”fi, R,fzR+, H,‘(B) with C(s1+ \ 0) = 0. We have that uo,, - u and 
that u satisfies the weak form of the equation on R. We have just to prove that UIQ E Hi(R), 
or equivalently that u = 0 q.e, on R”, for a quasicontinuous representative of u. From the 
maximum principle we have that 0 < Un,, 5 un+ q.e. Since C(R+ \ a) = 0 the solutions on n 
1 
R and R+ coincide. But u~~,~~)zL~+, and from the monotony we get 0 < u 5 un+ q.e. 
Hence u = 0 q.e. and we conclude the proof with uln E H:(0). 
(b) Let us consider that fl,z R and ficz R+ with C(R+ \ 0) > 0, and let us suppose that 
H:(B) 
U% - un. Since ‘dn E W, fii > 0, then f12+ > R. Also, since C(Rg \ f12,) = 0 then 
H,‘(B) 
Un:, = un, ) so un:, + un. But, from Proposition 1.2, un satisfies the equation on R+, and 
Unln+ E HA(R+), so from the uniqueness of the solution of the problem (1) we get un = un+. 
This is not possible since C(R+ \a) > 0. Indeed, let us suppose that unln E Hi (0) is a weak 
solution for (1) on R +. Let us consider ug the solution of (1) on B, and by subtraction we 
have -d(UB -un) = 0, weak in Hi(R+). From [5] th ere exists a continuous representative u 
of UB - un; i.e., u is continuous on a+ and u = Ug - un 8.e. on R+. Thus, un = UB - u 
a.e. is continuous and so it is a quasicontinuous representative for un in HA (F?). Since 
Unln E Hi(R), then UB - u = 0 q.e. on s1+ \ R (see [6]). Since C(s1+ \ R) > 0 there exists a 
point X E s1+ \ 0 such that (UB - u)(X) = 0. Since X E R+, we can consider a ball B(X, 6) 
such that B(X,46) C_ R+, and from the Harnack inequality (see [5]) there exists a constant 
k = k(N,a,P) such that 
s B(wT (UB - U)dx 5 k+g;;f(uB -u) meas(B(X,6)) 
and hence sB(q6) (UB - u) dx = 0 since UB - u is continuous and positive on fi+, and 
(UB -U)(X) = 0. Therefore, (UB - U)IB(Q) = 0, Or Un\B(xJ) = 0 a.e., which contradicts the 
weak equality -dunlB(Z,a) = 1 in HJ(B(x,6)). I 
Remark that if some weaker topologies in the space of domains are considered, the strong 
continuity results hold immediately. Without difficulties one can prove in the most general 
context we considered that if C(0,Ml) -+ 0 then unn H’T”’ un. This continuity result is 
not interesting from the shape optimization view point, since we cannot find nontrivial compact 
families of domains in the metric given by the capacity. Even an increasing sequence of disks for 
which the continuity result is obvious does not converge in this metric. 
3. THE TWO-DIMENSIONAL CASE 
We shall prove in this paragraph that the capacity density condition used in Theorem 1.1 can 
be transposed in 2-D in terms of connection of a set. 
Let us denote by 
Q(B) = {Q 2 B I (W I I) 
the family of open subsets of B whose complementaries have at most 1 connected components. 
The set 01(B) is compact in the Hc-topology. In a first step, we give the following lemma. 
LEMMA 3.1. Let K c R2 be a compact connected set with diam K = 6. Then K E 0co,6,2 where 
cg = 1 C ([O, 11 x (0) n@A 1)) BP, 2)) 
2 C (B(0, I), B(O, 2)) ’ 
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PROOF. Let 2 E dK. Then Vr < 6/2, K n B(z, T-) # 0. But 
C (K n B(x, T), B(x, 2~)) = 2i1& C (G n B(x, T), B(x, 2~)) , 
- 
where the infimum is taken over all open sets G which contain K. We observe that in a minimizing 
sequence, G can be taken connected by curves (G is open). Thus, there exists a continuous curve 
which links x and y and a point z which is the first intersection point of the curve with the sphere 
S(Z,T). Let C,,, denote this curve which lies in G n B,,,, where G approaches the condenser 
capacity of K, and C& the symmetric of this curve relative to the line XZ. Let us consider the set 
C,,, u C& and its outer boundary denoted 6’C&, namely the boundary of the unbounded open 
connected component of (C,,, U C&)’ which is denoted C&. Let us denote Cz,, = R2 \ C&. 
Then Cz,, is compact and [x, Z] c Ci,, 2 B,,,. Moreover X’~,, = X7;,, C CZ,, u C;,,. Then 
from [5] we have 
C (Ck,, n %, B+) = C (ac:,, n B, T, B, 2T) . 3 , 
Hence we can write from the monotony of the capacity 
C ([x7 ~1 n B(x, T), B(x, 24) 2 C (Cz,, n B(x, T), B(x, 2~)) 
= C (X:,, n B(x, T), B(z, 24) + C ((Cz,z u C:,,) nB(x, T), B(x, 279) 
5 C ((& u C:,,) n %r), B(x, 24) 
5 2C (C,,, n z(x, T), B(x, 2~)) I 2C (G n B(x, T), B(x, a,)) . 
Taking a decreasing sequence of open sets G, the properties of the condenser capacity on 
dilations simply give K E (3,,,6,2. Here is the specificity of the two-dimensional case where the 
curve has a positive capacity. The value of the constant CO can be improved, but for the scope of 
this paper our calculus suffices. I 
Now we shall give a simple proof of a Sverak type result, based on Theorem 1.1, in the general 
frame for nonsmooth, nonsymmetric elliptic operators. 
H:(B) 
THEOREM 3.1. Let N = 2. If R, E 01(B) and 0, f+ 0 then un,, - us. 
PROOF. Without losing the generality one can suppose f = 1. Let R, E 01(B), and R, 5 R. 
There exists a subsequence of {a,},,~ still denoted {f12n}nE~, such that unn H,‘@) u, and from 
Proposition 1.2, u satisfies the equation on 0. To obtain that u1n E H;(Q) we prove that ‘1~ = 0 
q.e. on RC (for u a quasicontinuous representative). 
Generally there cannot be found c, T > 0 such that {fl,},,~ c O,,,(B), and so a direct 
application of Theorem 1.1 is not possible. 
Let 
B\R,=K;u...uK,n 
be the decomposition of B \ 0, in 1 connected components, which are compact and disjoint, 
eventually empty. Because of the compactness of the family of the open subsets of B in the 
Hc-topology, there exists a subsequence {K$ }k;, of {KY}, such that 
C HC 
- (KlY. 
By the same argument one can subtract a subsequence of { kh} which we denote { kz} such that 
( > K;: = s (K2)‘. 
Finally, continuing this procedure, we obtain a subsequence of {Qn}nE~, which we denote 
{%h,N such that L 
(Kjn)’ 5 (K,)’ 
- 
Vj = 1,l. 
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Obviously Cl = KP n - . . n Kf. Because Kj” are connected, we have that Kj is connected. There 
are three possibilities. Kj is the empty set, or it is a point, or it has at least two points and in 
that case any connected open set which contains Kj contains also a continuous curve which links 
the two points. If Kj = 0 we ignore Kj and KT which are also empty, for n sufficiently large. 
If Kj is a point, then Kj & R*, and we can eliminate Kj. In that case we shall define the new 
family of sets R, +=Bn(K~UK,nU...UKjn_lUKjn+lU...)C. Wemakethisprocedureforall 
j = g obtaining that 0: x 0” and Q$ 2 Cl,. 
Let us denote B \ R* = KI U . . . U Kt. From the previous considerations there exists 6 > 0 
such that Vj = n, diam(Kj) > 5. But, KT are connected and (KY)’ 5 (Kj)‘; then there 
exists ng > 0 such that Vn L n6 and for any j = l,t we have diam (KY) > b/2. Finally Vn 2 n6, 
fl2,+ E &,,6/4* Using Theorem 1.1, we get that un;t 
H,‘(B) 
- un* and from Proposition 2.2 we derive 
H,‘(B) 
un, - un. I 
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